Abstract. Factorization algebras are a new mathematical approach to quantum field theory. They are related to functorial field theories, another approach to quantum field theory. Factorization algebras also figure in current research in manifold topology, homotopy theory and algebraic geometry. The workshop brought together researchers from many different fields to understand and deepen these connections.
Introduction by the Organisers
The workshop Factorization Algebras and Functorial Field Theories, organized by Owen Gwilliam (Bonn), Stephan Stolz (Notre Dame), Peter Teichner (Bonn), and Mahmoud Zeinalian (New York) had 50 diverse international participants.
In recent years, the interplay between topology and theoretical physics -in particular quantum field theory -has played a significant role in the work of many researchers. This workshop brought together people from several fields so that they could exchange their results and perspectives.
In the setting of physics, a d-dimensional quantum field theory (QFT) is typically obtained by quantization of a classical field theory. The data of a classical field theory is a space of fields F , usually the sections of a bundle over a "space-time" manifold Σ, and an action functional S on F . Only the extrema of the action S are physically allowed states, and they are solutions to the EulerLagrange equations determined by S. By contrast, in the quantum theory, all fields are relevant and the physically important information is encoded by correlation functions, which are obtained by integrating functions on F (or some suitable subspace) against a probability-type measure governed by S. Unfortunately, this functional integral rarely admits a mathematically rigorous formulation in existing mathematics.
For example, for each simple Lie group G, there is a Chern-Simons theory defined on oriented 3-dimensional manifolds whose space of fields F is the stack of principal G-bundles with connections. The classical theory studies the stack of flat G-bundles. As another example, given two Riemannian manifolds Σ and X, there is a non-linear σ-model whose fields consist of the space of smooth maps from Σ to X. The classical theory studies the space of harmonic maps. In the last few decades, physicists have developed an array of recipes to calculate the functional integrals that encode the quantization, but the challenge remains to give mathematically rigorous constructions.
In the late 1980s, Atiyah, Segal, and others developed a novel axiomatic approach to QFT, as well as to conformal field theories and topological field theories, that suggested profound connections to topology and geometry. (Historically, mathematics focused on QFT tended to hew closely to analysis and representation theory.) The quantum Chern-Simons theories, often known as ReshetikhinTuraev-Witten theories, provide a rich class of examples. However, many other field theories arising in physics are difficult to write down in this axiomatic framework. Recently, a relation to factorization algebras (see below) seems to indicate that various physically relevant field theories can be expressed in terms of AtiyahSegal axioms.
Nonetheless, these axioms have led to interesting work in mathematics, particularly in connection with algebraic topology and higher categories. Originally, a functorial field theory consisted of symmetric monoidal functors from a (geometric) bordism category to a symmetric monoidal category of a linear nature, such as vector spaces with tensor product. Since then, various refinements and structures have been added to make such functors better reflect the formal behavior of a field theory from physics. A high point of research in the last decade was a classification of topological field theories that are fully local -i.e. the bordism categories specify 1-dimensional bordisms between points, 2-dimensional bordisms between the 1-dimensional bordisms, and so on -by Jacob Lurie. (His proof of the Baez-Dolan Cobordism Hypothesis applies to all dimensions. Lurie did the 2-dimensional case with Hopkins, but it was also proved independently by Schommer-Pries.) This result has spurred a lot of recent activity in higher categories and their connections with established topics like quantum groups. Another active direction of research explores a suggestion of Segal that functorial field theories should provide geometric cocycles for certain generalized cohomology theories, notably elliptic cohomology theories. The development and extension of this idea by Stolz,Teichner, and collaborators -particularly in the setting of super-Euclidean field theories -pushes beyond topological field theory (which is the context for the Cobordism Hypothesis).
Recently, there has appeared a new approach to organizing mathematically the data of a quantum field theory, via the notion of factorization algebras. The idea originated in work on conformal field theory by Beilinson and Drinfeld, who sought to find a structure living on an algebraic curve whose local behavior is given by a vertex algebra. Francis, Gaitsgory, and Lurie recognized that an analogous structure appears in manifold topology, where the local structure on an n-dimensional manifold is given by an E n algebra, i.e. an algebra over the little ndisks operad. They also explicated a relationship with functorial topological field theory. Costello and Gwilliam then formulated a version of factorization algebras well-suited to smooth manifolds and general QFTs. Indeed, they showed that a rigorous version of quantization-using renormalization and Feynman diagramsnaturally produces a factorization algebra of observables living on the space-time. Many important examples of theories have been quantized in this formalism, including topological field theories such as Chern-Simons theory, the B-model, and Rozansky-Witten theory, and non-topological field theories such as Yang-Mills theory and the curved βγ system. (Since these techniques are a formalization of standard tools in physics, any QFT treated by diagrammatics should produce a factorization algebra of observables.) In the topological cases, there is then a functorial field theory determined by the factorization algebra, by work of Scheimbauer, and hence a direct connection between the action functional description of a field theory and an Atiyah-Segal description.
Our workshop contained three connected lecture series, aimed at explaining the key ideas and techniques involved in the formalism of Costello and Gwilliam. The other lectures covered a broad range of issues related to mathematical approaches to field theory, from other approaches to QFT, to appearances of factorization algebras in homotopy theory and algebraic geometry and convex geometry, to the treatment and application of defects in field theory. 
Workshop: Factorization Algebras and Functorial Field Theories

